Let P be a Delzant polytope. We show that the quantization of the corresponding toric manifold X P in toric Kähler polarizations and in the toric real polarization are related by analytic continuation of Hamiltonian flows evaluated at time t = √ −1s. We relate the quantization of X P in two different toric Kähler polarizations by taking the time-√ −1s Hamiltonian "flow" of strongly convex functions on the moment polytope P . By taking s to infinity, we obtain the quantization of X P in the (singular) real toric polarization.
√ −1s. We relate the quantization of X P in two different toric Kähler polarizations by taking the time-√ −1s Hamiltonian "flow" of strongly convex functions on the moment polytope P . By taking s to infinity, we obtain the quantization of X P in the (singular) real toric polarization.
Recall that X P has an open dense subset which is biholomorphic to (C * ) n . The quantization of X P in a toric Kähler polarization can also be described by applying the complexified Hamiltonian flow of the Abreu-Guillemin symplectic potential g, at time t = √ −1, to an appropriate finite-dimensional subspace of quantum states in the quantization of T * T n in the vertical polarization. By taking other imaginary times, t = k √ −1, k ∈ R, we describe toric Kähler metrics with cone singularities along the toric divisors in X P .
For convex Hamiltonian functions and sufficiently negative imaginary part of the complex time, we obtain degenerate Kähler structures which are negative definite in some regions of X P . We show that the pointwise and L 2 -norms of quantum states are asymptotically vanishing on negative-definite regions. 
Introduction
Let (M, ω) be a symplectic manifold such that [ω/2π] ∈ H 2 (M, Z). The quantization of the classical phase space (M, ω) should produce an appropriate Hilbert space of quantum states. This is achieved in the framework of geometric quantization (see, for example, [Wo] ) by considering prequantum data (L, ∇, h) which consists of a smooth complex line bundle L → X with hermitian structure h and compatible connection ∇ with curvature − √ −1ω. In addition to this data, one needs to specify a so-called polarization of (M, ω). This is an involutive Lagrangian distribution P in the complexified tangent bundle of M. The corresponding Hilbert space of quantum states H P consists of states s satisfying ∇ X s = 0 for all X ∈ Γ(P).
A central problem in geometric quantization is the study of the dependence of H P on the choice of P. In particular, one looks for natural unitary identifications between the Hilbert spaces of quantum states associated to different polarizations.
Let P be a Delzant polytope. The quantization of the corresponding compact symplectic toric manifold X P was studied in [BFMN, KMN1] . There, it was shown that the quantization in the singular toric real polarization P R associated to the fibers of the moment map µ : X P → P can be continuously related to the quantization of X P in a toric invariant Kähler polarization determined by a toric invariant complex structure I. The Kähler structure (X P , ω, I) combines with the connection ∇ to define an holomorphic structure on the prequantum bundle L, so that
is the space of I-holomorphic sections of L. This space has a preferred basis of monomial sections, {σ m : m ∈ P ∩ Z n }, labeled by the integral points of P (see, for example, [CLS] ). As shown in [BFMN] , as the Kähler structure degenerates in an appropriate way, the Kähler polarizations converge to P R while the L 1 -normalized monomial holomorphic section σ m , m ∈ P ∩ Z n , converges to a distributional section supported on µ −1 (m). These distributional sections generate H P R . In [KMN1] , this continuous family of degenerating Kähler structures was further studied by the inclusion of the half-form correction, and it was shown that in this case the convergence to distributional sections is obtained by taking L 2 -normalized holomorphic monomial sections. An interesting way of changing polarization on a symplectic manifold is by pushforward by the flow of an Hamiltonian vector field. One then has explicit formulas for the time evolution along the flow of the polarized sections of the prequantum bundle L. (See, for example, the discussion of the Schrödinger equation in [Ki1, Sn, Wo] .) Recently, this idea has been extended to imaginary and complex time by considering the analytic continuation in time of the Hamiltonian flow. This seems to have a wide application in geometric quantization and sheds light on the relation between the quantization of symplectic manifolds in real and Kähler polarizations. Hamiltonian flows in complex time were studied in the context of quantum gravity by Thiemann [Th] . In [HK1, HK2] , the evolution of polarizations under complexified flows on cotangent bundles was studied.
Let K be a compact Lie group. In [KMN2, KMN3] , the quantization of the cotangent bundle T * K ∼ = K C with K ×K-invariant Kähler polarizations was studied by continuously relating it to the quantization in the vertical polarization via complexified Hamiltonian flows of convex Ad-invariant functions on Lie(K). This gives a new perspective on the relation between the coherent state transform for Lie groups of Hall [Ha1] and geometric quantization, as explored in [Ha2, KW1, FMMN1, FMMN2, LS2, LS3] . The case of abelian groups, with K = T n , K C = (C * ) n , is of particular relevance for the present paper's study of toric varieties, since these carry an holomorphic action of (C * ) n with an open dense orbit.
Complexified Hamiltonian flows also play a fundamental role in recent studies on the geometry of the space of Kähler metrics and on the study of the relation between algebrogeometric notions of stability and the existence of constant scalar curvature metrics [Se, CS, Do] . In fact, the rays of toric Kähler structures studied in [BFMN, KMN1] , and which in the present paper are studied from the perspective of Hamiltonian evolution in complex time, are geodesic rays in the space of toric Kähler metrics. (See, for example,
In this paper, we apply Thiemann's complexifier method to the quantization of toric manifolds. Further applications in other contexts will appear in [MN2] .
By taking a strongly convex function on P as complexifier we relate the Kähler quantizations of X P along a geodesic ray of Kähler structures. By taking imaginary time to + √ −1∞, these Kähler quantizations are then related to the quantization of X P associated to P R . In this way, we rederive the results of [BFMN, KMN1] through Hamiltonian evolution in complex time.
By taking this Hamiltonian flow to sufficiently negative imaginary time, one can create regions where the metric on X P is no longer positive definite. The polarized sections of L then develop interesting behaviour since the derivatives of pointwise norms are very sensitive to the positivity of the metric.
Recall that X P has an holomorphic action of (C * ) n with an open dense orbitX P . There is an analog of the continuous family of Kähler polarizations of a cotangent bundle of a compact Lie group, starting at the vertical polarization, which was considered in [FMMN1, FMMN2, KW2] . We use Thiemann's complexifier approach to define an isomorphism of a finite-dimensional subspace of the quantization of T * T n with respect to the vertical polarization with the Kähler quantization of X P . In this case, the role of the complexifier is played by an Abreu-Guillemin symplectic potential g, which is smooth onX P but only continuous along X P . By taking the complexified Hamiltonian flow for this singular Hamiltonian to imaginary time k √ −1, k ∈ R, we obtain singular Kähler structures on X P whose Kähler metrics have cone angles at the toric divisors in X P .
Preliminaries on toric manifolds
In this section, we review some facts concerning toric varieties. For more details see e.g. [CdS, Ab1, BFMN, KMN1] . Let (X P , ω) be a smooth compact symplectic toric manifold with symplectic form ω such that
∈ H 2 (X, Z). Denote the moment map by
and let P = µ(X P ) be the (Delzant) moment polytope with associated fan Σ. LetP denote the interior of the moment polytope P . Consider action-angle coordinates (x, θ) onX P ∼ =P × T n ∼ = (C * ) n , so that µ(x, θ) = x = (x 1 , . . . , x n ). The symplectic form ω in this coordinate chart is simply
The condition [
∈ H 2 (X P , Z) allows us to choose the moment polytope P = µ(X) such that
2)
and where ν j is the primitive inward pointing normal vector to the j-th facet.
The formalism of Guillemin and Abreu describes toric Kähler structures in symplectic coordinates. A torus-invariant complex structure on (X P , ω) is determined by a symplectic potential g = g P + ϕ (also called an Abreu-Guillemin potential), where g P ∈ C ∞ (P ) is
and ϕ is a smooth function on P such that the Hessian H g P +ϕ is positive definite onP and satisfies the regularity conditions
where α is smooth and strictly positive on P [Gu, Ab1] . Denote the set of such functions by C ∞ + (P ) . In the symplectic frame determined by the action-angle coordinates (x, θ) onX P , the complex structure I g and the metric γ g = ω(·, I g ·) associated to the symplectic potential g are
The symplectic potential g fixes a biholomorphism (
where y j = ∂g/∂x j . The map x → y = ∂g/∂x is a bijective Legendre transform. The inverse map is given by x = ∂h/∂y, where h is a Kähler potential given in terms of g by
This biholomorphism extends uniquely to a biholomorphism of X P with a complex toric variety Y with fan Σ associated to P . Henceforth, we will assume that X P is equipped with a Kähler structure (X P , ω, I g , γ g ) determined by ω and by a symplectic potential g.
The Picard group of X P is generated by linear equivalence classes of the torus invariant irreducible divisors D 1 , . . . , D r , where D j , j = 1, . . . , r, is the toric divisor corresponding to the preimage under the moment map µ of the j-th facet of P .
Consider
From [CLS] , the divisor of the (rational) function defined on the open orbit by
can be computed to be
One then has
Therefore, there is a natural bijection between the torus invariant basis of H 0 (X P , L) and the integral points of the Delzant polytope P L ,
For simplicity, let us assume that L is ample so that there is a canonical bijection between the vertices of P L and the vertices of P , defined by the equality of the set of normals of the facets meeting at those vertices.
Let L → X P be the smooth line bundle with first Chern class
equipped with a prequantum connection ∇ with curvature − √ −1 ω − 1 2 ρ , where ρ is the Ricci form. L is the "half-form" corrected prequantum line bundle, as in [KMN1] . Recall that [− ρ 2π ] is the Chern class of the canonical bundle K X P of X P for a compatible complex structure; if c 1 (X P ) is even, then L is the tensor product of the prequantum line bundle of curvature − √ −1ω with a square root of K X P . With the above choice of moment polytope, there are no integral points on the boundary of P and to each integral point inside P there corresponds a half-form corrected Kähler polarized state, i.e. a holomorphic section in H 0 (X P , L). Such sections are represented as products
of multivalued sections σ m corresponding to the integral points of P with a canonical multivalued section √ dZ of the square root of the canonical bundle K X P with divisor
Remark 2.1 In [KMN1] , the inclusion of half-forms was treated in a different, but equivalent, way involving a separation of the "norm" and "phase" parts of the (would-be) half-form bundle. This treatment was necessary because the square root of the canonical bundle of a toric manifold may not always exist. It is straightforward to check that this formalism yields the same results as we obtain here, where by writing the half-form corrected monomial sections as w m e −h ½ U (1) ⊗ √ dZ one is implicitly allowing each of the factors in the tensor product to be a ramified section. In any case, the tensor product of the two factors is well defined and is a smooth section of a line bundle with Chern class
. ♦ 3 Complex-time evolution in geometry
In this section, we briefly review some aspects of the general theory of complex-time Hamiltonian evolution in geometry. We first describe complex-time evolution in cotangent bundles and then in more general symplectic manifolds.
The Thiemann complexifier method
The idea, which we describe now, is due to the work of Thiemann [Th] and has come to be known as the Thiemann complexifier method. Consider a cotangent bundle T * M equipped with its canonical symplectic structure. Fix a function h ∈ C ∞ (T * M ), called the complexifier function. Let X h be its Hamiltonian vector field. A complex structure is defined on T * M by declaring that given a function f : M → C, the function
is holomorphic. Here, e √ −1X h can be understood as a power series
One may interpret (3.1) as saying that holomorphic functions are defined to be the composition of vertically constant functions with the time-√ −1 Hamiltonian "flow" of h (which is, of course, not a flow in the usual sense). Since X h is a derivation of the Poisson bracket, we have that for any two functions f 1 , f 2 : M → C,
whence the symplectic form is type (1, 1) with respect to the complex structure.
In general there is no reason that (3.1) should be a convergent power series, and indeed in general it is not. Nevertheless, the Thiemann complexifier method can be made rigorous in many interesting situations.
The first fundamental observation is that the geodesic flow on a compact real-analytic Riemannian manifold M can be analytically continued and the resulting geometry is the adapted complex structure due to Lempert and Szőke, and to Guillemin and Stenzel [LS1, Sz, GS1, GS2]. There are many ways to describe a complex structure on a symplectic manifold-in terms of its (1, 0)-tangent bundle, the almost complex tensor J, holomorphic functions, or holomorphic sections, for example-and for each of these descriptions, there is a version of the following theorem (due to the first author and Hall [HK1] ) which explains precisely what it means to analytically continue the geodesic flow. We state here a version in terms of the (1, 0)-bundle, i.e., in terms of the corresponding holomorphic polarization of T * M , as that is how we will primarily describe toric invariant complex structures. Since the geodesic flow is the Hamiltonian flow of half the norm-squared function, the content of the following theorem, at least in the present context, is that the Thiemann complexifier method "works" if one takes E(x, p) := 
can be analytically continued to a disk D 1+ǫ of radius 1 + ε about the origin in C. The resulting complex Langrangian distribution
, and is negative with respect to the canonical symplectic form; that is, P √ −1 is the (0, 1)-tangent bundle of a Kähler complex structure on T * ,R M .
An equivalent theorem is that each real-analytic metric on M provides, via Thiemann complexification with respect to the associated norm-squared function, a biholomorphism of a tubular neighborhood of M in T * M with a tube in the Bruhat-Whitney complexification of M .
In [KMN2, KMN3] , the authors studied Thiemann's complexifier method in the case of T * K where K is a compact Lie group. The main geometric result is that there is an infinite-dimensional family H(K) of Hamiltonians on T * K (which includes E) for which Thiemann complexification makes sense. Here, we can state the result precisely in terms of the complexification K C : each of the Hamiltonians in the family defines a diffeomorphism T * K ≃ K C such that the pullback of the standard complex structure on K C is compatible with the canonical symplectic structure on T * K.
One final remark before we return to the case at hand-toric manifolds-is that there is nothing really special about time √ −1. In all of the above cases, the time-√ −1t Thiemann complexification works just as well as long as t > 0. Moreover, the limit as t → 0 of the time-√ −1t complex structure yields the vertical polarization; it is a kind of degeneration of the complex structure. Lifting this to the quantum level yields what we call "decomplexification".
As t becomes negative, though, the resulting complex structures are generally negative with respect to the symplectic form, and quantization with respect to a negative complex structure is generally not well behaved. However, one of the main results of this article is to show that for a large family of complexifiers on toric manifolds (the Abreu-Guillemin potentials), one can in fact consider t < 0 and, although the resulting geometry include negative Kähler regions, we will see below in Section 5 the associated quantization is nevertheless well behaved.
General complex-time evolution
Complexified Hamiltonian flows in more general symplectic manifolds have been used both in quantization and geometry. In the context of Kähler geometry, they describe geodesics on the space of Kähler metrics in a fixed cohomology class [ω/2π] ∈ H 2 (M ), with respect to the Donaldson-Mabuchi-Semmes metric. Hence, they play an important role in the question of existence and uniqueness of Kähler metrics with special properties, such as constant scalar curvature metrics or Kähler-Einstein metrics, and are related with properties of algebro-geometric stability. (For reviews, see [Do, PS] .) In the context of geometric quantization, as described above and below, complexified Hamiltonian flows can be used to relate quantizations of a given symplectic manifold (M, ω) with respect to different polarizations. For example, in some cases, one can relate quantizations in a real polarization with quantizations along families of Kähler polarizations.
In [MN1] , the following approach to complex-time flows was taken. On (M, J 0 ), one acts with the complex-time τ flow e τ X h (of a real-analytic vector field X) directly on systems of local J 0 -holomorphic coordinates, thereby changing the sheaf of holomorphic functions and obtaining a new complex structure (M, J τ ) which is biholomorphic to the initial one. In general, for compact M , this procedure is well defined so long as |τ | is sufficiently small. In the case of a Kähler manifold (M, ω, J 0 ) and of the flow of a realanalytic Hamiltonian vector field X h , this construction yields a local one-parameter family of inequivalent Kähler structures (M, ω, J τ ).
Theorem 3.2 [MN1] Let (M, ω, J 0 ) be a compact real-analytic Kähler manifold (here, ω and J 0 are real analytic). Let h ∈ C ω (M ). There exists T > 0 such that for all τ ∈ C, |τ | < T , a) the action of the complex-time Hamiltonian flow of X h on the sheaf of J 0 -holomorphic functions defines a Kähler structure (M, ω, J τ ), and b) the corresponding Kähler polarization is given by
where P 0 is the Kähler polarization defined by J 0 . The polarization P can be interpreted as a convergent power series in τ if e τ L X h is applied to appropriate local sections of P 0 , such as {X z i } i=1,...,n , where {z i } i=1,...,n is a system of local J 0 -holomorphic coordinates.
Moreover, one can obtain an explicit formula for the time τ evolution of the Kähler potential on M . This approach to the description of complexified Hamiltonian flows is related to the one explored in [BLU] , where the complexified flow is constructed first in a complexification M C of M and then projected to M .
Below, we will see how complex-time Hamiltonian evolution can be applied in the context of toric geometry and subsequently in the quantization of symplectic toric manifolds.
Complex-time flow of toric geometries
Let g be a symplectic potential for X P and let P g = T 0,1 X P be the corresponding Kähler polarization of (X P , ω), so that
where z j = y j + iθ j , j = 1, . . . , r with y j = ∂g/∂x j . Let P R be the (singular) toric real polarization of (X P , ω) given at each point by the complexified tangent space to the fibers of the moment map µ,
Let ψ be a smooth strongly convex function on P so that sψ ∈ C ∞ + (P ) for all s > 0. In [BFMN] , the family of toric Kähler structures determined by g s = g + sψ was studied.
Lemma 3.3 [BFMN] Pointwise, in the positive Lagrangian Grassmannian of (X P , ω),
be the Hamiltonian vector field for ψ. The following is a toric analog of Theorem 3.10 of [KMN1] . Proof. Since the symplectic form ω is of type (1, 1) with respect to the complex structure determined by g s , we have that the (0, 1)-part of the tangent space of X P relative to the complex structure I gs is pointwise generated by the Hamiltonian vector fields associated to the corresponding holomorphic coordinates z j s , j = 1, . . . , n. These are given by
where y j (s) = ∂gs ∂x j . For a smooth function h ∈ C ∞ (X P , ω) let X h be the associated Hamiltonian vector field. We then have, for smooth functions f ∈ C ∞ (X P , ω) and for real time t,
where e tX h · f and e tLx h X f represent, respectively, the pullback of f by the flow of X h and the pushforward of X f by the flow of −X h at time t. In many interesting situations (such as the present case of toric varieties) these expressions are analytic in t and admit analytic continuation to complex-time
It follows that P gs is generated by
which proves (a). To prove (b), note that since the exterior derivative and pullback commute, and since dZ = dz 1 ∧ · · · ∧ dz n , we obtain e √ −1sL X ψ dZ = dZ s .
Compactifying singular flows to toric geometries
We will now consider the time t = √ −1 Hamiltonian evolution for the Hamiltonian vector field X g associated to the symplectic potential g. This is a singular Hamiltonian function which is not differentiable on the boundary ∂P . However, its complexified Hamiltonian flow is still useful as it describes Kähler toric polarizations on X P starting from a real polarization.
The Hamiltonian vector field of g onX P is given by
OnX P , consider the vertical polarization, which is spanned by the vectors ∂/∂x j , j = 1, . . . , n. converges, and as distributions,
and X g , X g ,
which proves (a).
Since, e 
Cone-angle metrics on toric manifolds
Let (X, ω, I) be a Kähler manifold and let D ⊂ X be a divisor. A (singular) Kähler metric is said to have cone angle 2πβ along D if it is smooth along X \ D and if at each point in D there is a local coordinate chart (U, (z 1 , . . . , z n )) such that D ∩ U is given by z 1 = 0 and the metric locally is uniformly equivalent to
(See, for example, [CDS, DGSW] ) Let P be the Delzant polytope
As shown in [DGSW, Prop. 2.1], a Kähler metric on X P with cone angle singularity 2πβ i , 0 < β i ≤ 1, at the toric divisor D i corresponding to l i = 0 is described by the symplectic potential
for some ψ ∈ C ∞ (P ). This generalizes the construction of toric Kähler metrics on toric orbifolds [LT, Ab2, BGL] .
In this section, we will see that Kähler toric cone angle metrics can be described by the complex-time Hamiltonian flow of the symplectic potential g β applied to the vertical polarization of the dense orbit (C * ) n . Theorem 3.6 Let ((C * ) n , ω, I s ) be the Kähler structure on (C * ) n obtained from the vertical polarization ofP × T n by the time √ −1s flow of X g β . Then, for s > 0, ((C * ) n , ω, I s ) compactifies to a cone angle metric on X P with cone angle 2πβ/s.
Proof. Consider the coordinates θ = (θ 1 , . . . , θ n ) on T n . As in the proof of Proposition 3.5, we have
Therefore, the vertical polarization evolves under the complex-time Hamiltonian flow to the polarization defined by the complex structure given by the local holomorphic coordinates
In symplectic coordinates (x, θ) on the open dense orbit, the metric will have the familiar form
Since sH g β = H g β/s , the result follows.
By applying the complex-time flows of singular Hamiltonians of the form g i = 1 2 l i log l i in succession, we obtain the following.
Corollary 3.7 Let ((C * ) n , ω, I β ) be the Kähler structure on (C * ) n obtained from the vertical polarization ofP × T n by the chain of complex-time Hamiltonian flows given by
Xg r
where g i = 1 2 l i log l i . Then, ((C * ) n , ω, I β ) compactifies to a cone angle toric metric on X P .
Proof. The proof follows exactly as in the proof of Theorem 3.6 and from the fact that the Hamiltonian flows of X g j commute with each other for j = 1, . . . , r.
Quantization of complex-time flows
In this section, we quantize the complex-time flows discussed in Section 3 and relate the results to the case of compact Lie groups. In particular, we lift the complex-time "flows" to the (half-form corrected) prequantum bundle. One does not expect in general that the analytic continuation of this lifted flow yields a unitary map between sections of the prequantum bundle. For example, for M = T * K where K is a compact Lie group K equipped with a bi-invariant metric and h equal to half of the norm-squared function on the fibers, the time-√ −1 flow is analytic continuation with respect to the standard complex structure on K C ≃ T * K, which is obviously not unitary.
Prequantum operators and analytic continuation
On the other hand, let H 0 be the Hilbert space for the half-form-corrected vertical quantization of T * K and H √ −1 the Hilbert space for the Kähler quantization of In [KMN2, KMN3] , we constructed the following generalization of Hall's SegalBargmann transform. Let h be a strongly convex Ad-invariant function h ∈ C ∞ (T * K) and denote the vertical tangent bundle of T * K by P 0 . Then for each τ ∈ C + ,
is a purely complex positive integrable polarization of T * K, which therefore induces a Kähler structure (T * K, ω, J τ ). Let H τ be the half-form corrected Kähler quantization of T * K with respect to P τ . We show that the operator e − √ −1τĥ is a densely defined linear map from H 0 to H τ which intertwines the canonical K × K actions, and moreover, there exists a densely defined operator E(τ, h) on H 0 such that the composition
The lesson here is that one might expect that the precomposition of a complex-time flow with some sort of "Schrödinger" quantization might yield a unitary isomorphism. In the remainder of this section, we investigate to what extent this intuition holds in the toric setting. We will see that, as in the case of T * K, complex-time evolution in the toric setting is a sort of analytic continuation, but on the other hand, precomposing this analytic continuation with a Schrödinger-type quantum operator yields a map which is only asymptotically unitary.
Starting at a toric Kähler polarization
Let L → X P be the prequantum bundle. As in [BFMN, KMN1] , we take the connection on L to be
where ½ U (1) is a unitary trivialization of L overX P .
As in Section 3.3, let ψ be a smooth strongly convex function on P . The prequantum operator associated to ψ iŝ
Consider the family of symplectic potentials on X P given by g s = g + sψ, s > 0, where g is some fixed symplectic potential. The half-form corrected quantization of X P in the polarization P gs = e √ −1sL X ψ P g (Theorem 3.4) is given by [BFMN, KMN1] From Theorem 3.4, we have e √ −1sL ψ dZ = dZ s . As in [KMN1] , we will define the action of the operator e isL ψ on half-forms in a way which is consistent with its action on the algebra of smooth functions on X P by setting The result then follows from (4.1) and (4.2).
Recall from [KMN1] that as s
Therefore, the operator e sψ , which evolves polarized sections along the flow of Kähler structures, is not unitary. This is an analog of what happens for the cotangent bundle T * K of a compact Lie group in [KMN2, KMN3] . In particular, as reviewed in Section 4.1, the corresponding operator is analytic continuation from K to K C , which is of course not unitary. The unitarity of Hall's coherent state transform is achieved by precomposing with the heat kernel operator. In the setting of toric manifolds, we will see in Section 4.3 that unitarity can only be achieved asymptotically as s → ∞; this is expected from [KMN1] . Before dealing with unitarity, we must study the limit object. The quantum states for the quantization of X P in the real polarization P R have support along the BohrSommerfeld fibers µ −1 (P ∩ Z n ) [BFMN] . The following is proved in [BFMN, KMN1] : the P R -polarized quantum Hilbert space is
where δ m is a Dirac delta distributional section of L supported on µ −1 (m) and dX = dx 1 ∧ · · · ∧ dx n .
Theorem 4.2 [KMN1] As distributional half-form corrected sections of L,
Since the flow of ψ preserves P R , a natural quantization of the classical observable ψ on H P R is given by the operator
since the support of the distributional section δ m ⊗ √ dX is µ −1 (m). We extend the domain of this operator by settingψ 
Proof. We can compute
so the result follows from (4.3) and Theorem 4.2.
Starting at the vertical polarization
Recall that the quantization of T * T n in the vertical polarization P v = span C ∂ ∂x j j=1,...,n , where we identifyX P ∼ = T n ×P ⊂ (C × ) n , is given simply by
which is generated by the monomials {e √ −1mθ } m∈Z n . In this section, we shall see that some of these monomials, namely the ones corresponding to integral points inside the moment polytope P , produce the monomial holomorphic sections of L → X P in the Kähler quantization of (X P , ω, I g ) when acted upon by the time-√ −1 Hamiltonian evolution of the symplectic potential g, considered as a function on X P . Note that the Hamiltonian function used in the complexification process, the symplectic potential g, is not smooth on X P (compare to [KMN2] ): it is singular along µ −1 (∂P ). This allows the Legendre transform y = ∂g ∂x to generate all of R n from the bounded regionP .
Theorem 4.4 The time-
√ −1 flow of the vector field X g induces an isomorphism from the algebra A generated by the characters e √ −1mθ , m ∈ Z n , of T n onto the algebra generated by I g -monomial (meromorphic) functions on (X P , I g )
Proof. We have from (3.2) that for any m ∈ Z n , e √ −1Xg e imθ = e m(y+
The prequantum operator associated to g iŝ
where h = x · y − g is the Kähler potential for (X P , ω, I g ). Consider the following subset of the set of characters of T n , which is a finite-dimensional subspace of the Hilbert space for the quantization of T * T n in the vertical polarization:
Theorem 4.5 The operator
Proof. The result follows from (4.1), Proposition 3.5 (b) and Theorem 4.4 since
for all m ∈ P ∩ Z n . In order to study the unitarity properties of this isomorphism, we define a quantum
This is analogous to what we did in 4.4. As in [FMMN2, eq. 3.12], define an inner product in A P such that e imθ ⊗ √ dΘ = π n/4 . As in (4.5), consider the operator A gs 0,1 :
The following corollary follows from (4.3) and Theorem 4.2.
Theorem 4.6 There exists a unitary operator U : dΘ to the quantization of X P with respect to a Kähler polarization corresponding to a metric with cone angles, although we do not study these more general maps here.
2. The results in this section show that the quantum Hilbert spaces for Kähler quantizations of toric manifolds of dimension 2n can all be obtained by complex-time evolution from appropriate finite-dimensional subspaces of the Hilbert space for the Schrödinger quantization of the cotangent bundle T * T n .
♦

Singular indefinite Kähler polarizations
Geometry of indefinite Kähler polarizations
In this section, we consider again the geodesic ray of Kähler structures on X P induced by the symplectic potentials g s := g P + sψ, where ψ ∈ C ∞ + (P ). The results of this section, however, hold mutatis mutandi for general ψ ∈ C ∞ (P ). For all s > 0, g s induces a Kähler structure on X P in the usual way (2.6). Our task here is to investigate the behavior of g −s , as well as the resulting Kähler-type geometry of X P , for both finite s > 0 and for large s > 0.
First, observe that for s sufficiently large, g −s will no longer be convex onP . This has several consequences. Let s cvx ≥ 0 be the smallest real number such that g s is convex for all s > −s cvx .
To simplify notation in this section, we denote the Hessian of the symplectic potential g s by H s := H gs . Then for all s ≤ −s cvx , the zero locus Z s := {x ∈ P : det H s (x) = 0} of the Hessian is nonempty. The set of possible signatures of n × n matrices with nonzero determinant is {(a, b) : a + b = n}. We may decompose P \ Z s into a union of open sets
can be written as a disjoint union of open connected neighborhoods, which we call islands:
It is possible that n (a,b) s = ∞ (perhaps even uncountably infinite, but we will keep our notation simple and assume at most a countable number of islands); we will give an example below.
As is clear from (2.6), the Kähler geometry of X P is controlled by the Hessian H s of g s , whose behavior is essentially determined by the signature, a constant on each island U (a,b) s,j .
For s > −s cvx , it is well known that the resulting path of metrics s ∈ (−s cvx , ∞) → γ s on X P is a Mabuchi geodesic in the space of Kähler metrics in the class of ω. The constant −s cvx is what Rubinstein and Zelditch call the convex lifespan of the geodesic [RZ1, RZ2] . They show that for s < −s cvx , the path s → γ s fails to be even a weak solution to the geodesic equation and that as s approaches −s cvx from above, the metric develops singularities 1 . On the other hand, they show that the metric remains positive definite on a dense set (the complement of the singular locus) and that on this dense set, the path γ t still solves the geodesic equation (actually, they work in the equivalent formulation in terms of the homogeneous Monge-Ampère equation).
For all s there are positive islands (that is, islands where the signature of H s is positive definite) around each vertex. As s approaches the convex lifespan, the metric becomes singular. The analysis of Rubinstein-Zelditch, from the fixed-symplectic point of view, cuts out a neighborhood of the union of the indefinite islands on X P and glues the result, thus yielding a toric manifold with a singular metric which, outside the singular set, is biholomorphic to the original X P . It is, however, interesting to investigate X P in the indefinite region at both the level of geometry and in terms of the behavior of the quantization of X P .
We begin with some remarks on the geometry of the indefinite islands. First, because we consider strongly convex ψ, we can show that there is some minimal s neg ≥ s cvx such that for s < −s neg , there is a family of connected negative-definite islands U (0,n) s which "fills" P as s → −∞. On the other hand, for each vertex v ∈ P and for all s there is a positive-definite island U v,(n,0) s containing v. After proving these two results, we will give examples which show that these results are the best one can expect.
We say that a family of islands {U
Theorem 5.1 Let K be a compact subset of the interiorP of the moment polytope of X P . Then there exists some s K and an increasing family {U
Proof. Since Hessian of ψ is bounded on P and hence on K, for each point in K there is some s(x) such that
. The compact set K is necessarily covered by such open neighborhoods. Choose a finite subcover and let s K be the largest s(x) which occurs in this finite subcover. Then for any s > s K , H −s (x) < 0 for all x ∈ K.
It follows that for any K, there is a negative-definite island, which we denote by U K,(0,n) s K , containing K. Moreover, if K 1 and K 2 are nondisjoint compact subsets ofP X and s
. To obtain the desired family, apply this to an increasing sequence K 1 ⊂ K 2 ⊂ · · · of compact subsets ofP such that K j =P .
Theorem 5.2 For each vertex v ∈ P there is a family of islands {U v,(n,0) s
(see equation (2.2)), where we order the terms so that ℓ k (v) = 0 for k = 1, . . . , r. Hence, we see that the Hessian of g P is unbounded near v. On the other hand, the Hessian of ψ is bounded on P . Hence, for any s, H s is positive definite for x sufficiently close to v.
In the next example, we see the positive-definite islands around the vertices of P shrinking as s becomes large and negative. Moreover, U j=1 (x j log x j + (1 − x j ) log(1 − x j )) + s(2x 2 1 + x 2 2 )/2. Then s cvx = 1 and s neg = 2. For all s < −s neg , the island decomposition of P is ♦ Next, we give an example with an infinite number of negative-definite islands for a fixed value of s in any neighborhood of x = 1/2, and a little thought shows that one can arrange a sequence of such "bad" points which converges to the boundary of P and thus yields a countably infinite number of negative islands for a countably infinite number of values of s. shows that there are an infinite number of open intervals on which g ′′ −1 (x) > 0 interspersed by intervals on which g ′′ −1 (x) < 0, that is, there are an infinite number of positive and negative islands in any neighborhood of x = 1/2 at s = −1. For any s < −1, there are only a finite number of positive-definite and negative-definite islands on P, but one can arrange ψ to consist of a convergent sum of such oscillatory terms centered on a sequence, say x n = 1/2 n , of "bad" points. There will then be a decreasing sequence
sn (x n ) = 0 and at s = s n there are an infinite number of positive and negative islands in any neighborhood of x n .
Note that if a point x is in a negative-definite island at time s, it is in a negativedefinite island for all smaller s. Thus, the negative islands do not "move", they just grow. ♦ We now turn to the complex structure on X. We will denote the polarization P gs by P s ; it is given in terms of the decomposition T (x,θ) X ≃ T x P ⊕ T θ T n ≃ R n ⊕ R n by the following lemma.
Lemma 5.5 For x ∈P and θ ∈ T n , P s (x,θ) =
Proof. The (0, 1)-tangent bundle P s is the kernel of
which is clearly equal to the claimed subspace.
For s ≤ −s cvx , the Hessian H s (x) is no longer necessarily positive definite and hence no longer defines a positive complex structure at every point, but the polarization P s is nevertheless well defined (it is a smooth complex integrable Lagrangian distribution). For x ∈ P such that det H s (x) = 0, P s (x,θ) is the (0, 1)-tangent space of a complex structure which is not necessarily positive with respect to ω. At such points, the induced "metric" ω (x,θ) (·, J (x,θ) ·) is an indefinite bilinear symmetric tensor whose signature is determined by the signature of H s (x) via (2.6).
At a point x 0 ∈ P where det H s (x 0 ) = 0, the next lemma shows that the polarization P s (x 0 ,θ) is no longer purely complex and therefore does not define even an indefinite metric; rather, the (possibly indefinite) metric ω(·, J·) becomes singular as x approaches x 0 from an indefinite island.
Proof. By Lemma 5.5, if v ∈ ker H(x), then
. To show the opposite inclusion, suppose v, w ∈ R n are such that
w . Comparing real parts shows w = v, and comparing imaginary parts shows that H(x)v = 0, whence
We conclude this section with short a discussion of the metric behavior of X P for s slightly smaller than −s cvx . Fix x 0 ∈ Z and let v ∈ ker H s (x 0 ). Then for small enough ε > 0, the path x(t) := x 0 + tv, t ∈ (0, ε) is in some island U . Fix θ ∈ T n . As an element of the tangent space T (x(t),θ) X, the length of v is γ s (v, v) = t vH s (x(t))v and hence goes to zero as t → 0. On the other hand, the length of the path (x(t), θ), t ∈ (0, ε) is
which is some (finite) nonzero but possibly negative constant, depending on the signature of H s on U .
For x 0 , v and ε as above and fixed t ∈ (0, ε), the circle {(x(t), t ′ v) : t ′ ∈ R} ⊂ {x(t)}×T n has circumference 2π t vH −1 s (x(t))v. Expanding v in terms of an orthonormal eigenbasis of H(x(t)) and using the fact that v ∈ ker H(x(0)) shows that 2π t vH −1 s (x(t))v → ±∞ as t → 0. That is, the angular size of the circle over x(t) = x 0 + tv which is symplectically dual to v grows without bound as x(t) approaches x 0 .
Rubinstein and Zelditch encode this observation, which is already easy to see from (2.6), in terms of the Monge-Ampére measure as follows. For g s convex, the symplectic form ω = dx j ∧ dθ j can be written in terms of the Legendre dual variable 
That is, as s → −s cvx , M A(g s ) converges to a positive current supported on the zero set of H s .
Polarized sections in the negative-definite island
As always, we assume that X is equipped with a symplectic potential g s = g P + sψ, where ψ ∈ C ∞ + (P ), and we write y s := ∂g s /∂x and denote the Hessian of g s at the point x by H s (x). Recall from the last section that we decompose P \ Z s , where Z s := {x ∈ P : det H s (x) = 0}, into a union of connected open sets
where H s (x) has constant signature (a, b) on the island U (a,b) s,j . Moreover, there is an s neg > 0 and a family of negative-definite islands {U (0,n) s : s ∈ (−s neg , ∞)} which is increasing and fillsP as s → −∞.
For s > −s cvx , the symplectic potential g s induces a positive Kähler structure on all of X P , and the (geometric) quantum Hilbert space-defined to be the space of holomorphic sections of a prequantum line bundle L over X P -is spanned by the monomials σ m s associated to integer points m ∈ P ∩ Z n . where w s = e ys+ √ −1θ . Our first result is that even for s < −s cvx , the vector space of P s -polarized sections of L is spanned by the monomials σ m s , m ∈ P ∩ Z n .
Theorem 5.7 The dimension dim ker∂ s Γ(L) is equal to # (Z n ∩ P ). In particular, the set {σ m : m ∈ P ∩ Z n } is a basis for ker∂ s Γ(L) , where
Proof.
In the dense open subsetX P \ Z s , solutions of∂ s σ = 0 satisfy Cauchy-Riemann equations and a basis of the infinite-dimensional space of solutions is given by the monomial sections (5.1). Since there is a neighborhood of each vertex which is biholomorphic to a neighborhood of 0 in C n , the problem of finding those local solutions which extend to X P becomes equivalent to the standard construction of holomorphic sections on toric varieties (see (2.9) ff.). For a point in Z s ∩P , certain components of J blow up; for example, 
x l is well behaved near {det H = 0}. For a point in the intersection of the zero locus Z s with the relative interior of a codimension p face of P , the kernel of∂ s is the intersection of the kernel of∂ s in the directions transverse to the inverse image of the face with respect to µ and the kernel in the longitudinal directions. In the transverse directions, one has the usual Cauchy-Riemann conditions. In the longitudinal directions, one may have to rescale some of the (0, 1) vector fields as above.
Next, we examine how P s -polarized sections behave in indefinite regions in X P . Our first result, Theorem 5.8, shows that for a polarized section associated to an integral point in the polytope which lies in the negative-definite region, the pointwise norm of the section increases monotonically as one moves from the integral point toward the boundary of the negative-definite region. Theorem 5.10 then shows that for large negative s, the L 2 -norm of a polarized section is concentrated outside of any compact set in the negative-definite region.
Theorem 5.8 Let s < −s neg and suppose m ∈ P ∩ Z n is in an island in P (0,n) s . Then the pointwise norm of σ m s (which is T n -invariant) is minimized at m and strictly increasing on each ray emanating from m and ending on the boundary of the negative-definite island containing m. with smooth boundary ∂K such that φ achieves a unique nondegenerate maximum on ∂K, there exist α, C > 0 such that for any s ≪ s 0 and for any section u ∈ H 0 s (X P , L),
Remarks 5.11
1. The constants C and α depend on s 0 , K, ψ and X P , but not on s or u.
2. The theorem holds in much more generality, but we prove only the simplest case here. Indeed, if φ achieves a degenerate minimum on ∂K, or if K is not smooth at the minimum (for example, if the minimum occurs on a corner), then one actually obtains a larger constant α. Consider now a slightly larger K ′ ⊃ K still contained in U (0,n) s (sufficiently close to K such that our hypothesis hold also for K ′ ). Since φ is increasing along the ray from m through x 0 , the unique maximum of φ on ∂K ′ , which occurs at some point x ′ 0 ∈ ∂K ′ , is strictly larger than φ(x 0 ). Hence, we see that there exists constants C := C K,m /C K ′ ,m > 0 and α := φ(x ′ 0 ) − φ(x 0 ) such that for s → −∞, 
where the last inequality follows from 5.3 and the fact that we take s sufficiently negative. Remark 5.12 One has H 0 s (X P , L) := ker∂ s Γ(L) ⊂ L 2 (X P , L), which means in particular that norm on the right-hand side of (5.2) is finite. ♦
